We present a comprehensive theoretical description of quantum well excitonpolaritons imbedded in a planar semiconductor microcavity. The exact nonlocal dielectric response of the quantum well exciton is treated in detail. The 4-spinor structure of the hole subband in the quantum well is considered, including the pronounced band mixing effect. The scheme is self-contained and can be used to treat different semiclassical aspects of the microcavity properties.
I. INTRODUCTION
Since the first experiment on quantum well (QW) excitonic polaritons in the semiconductor microcavity (SMC) 1 extensive experimental and theoretical studies 217 have been conducted on excitonic polaritons in QW's and multiple QW's embedded in an SMC, and even bulk excitonic polaritons in an SMC. The SMC exciton-polariton was first described by so called linear dielectric model 18 which was originally proposed for atoms in a microcavity.
Since then, most analysis on the microcavity problem has been more or less based upon the assumed analogy between excitons and atoms. The non-locality of the dielectric response of the exciton in a QW and the intricacy of real excitons due to the complex structure of the valence band has not been treated seriously.
In fact, excitons differ from an atomic excitation in that they are a sort of excitation from electrons in the valence band confined by the QW's barriers. The excitonic polariton is essentially a quantum many-body effect and can be understood to be a result of the medium's polarization. In the calculation of the dielectric response to light propagation in a QW, we have translational invariance only in the plane perpendicular to the growth direction, so the nonlocality of the dielectric response along the growth direction should be carefully treated. This makes the problem of a QW exciton embedded in an SMC non-trivial 19 .
In particular, the barrier confinement effect in association with the 4-component spinorlike hole wave function should appear in the nonlocal dielectric response. The confinement induces hybridization between heavy and light hole subbands, which sometimes 20 , 21 plays a nontrivial role at the top region (Γ-point) of the valence band and has interesting observable consequences for the optical transitions of the excitons in a QW 22 -24 . This makes the nonlocal dielectric response of the QW more complex. To our knowledge, the non-locality of QW exciton-polariron has been considered 19 for the simplified exciton model, while the real QW exciton model including non-locality and subband mixing effects has not yet been considered seriously, especially in a microcavity environment. On the other hand, although the effect of such hybridization induced exciton is not very strong, the exciton-photon coupling is greatly enhanced in the microcavity. Thus it is interesting to investigate the nature of such hybridization induced QW excitonic polaritons in the SMC environment.
Based upon the above considerations, in this paper we provide a self-consistent semiclassical description of the excitonic polaritons in a QW embedded in an SMC, in which the hole subband hybridization, the nonlocality induced by the QW barrier confinement and the boundary conditions for the SMC in connection with distributed Bragg reflectors(DBR's) are all consistently taken into account. The light field is treated semiclassically but the polarization of the medium in the QW is treated in the context of quantum many-body theory with the electromagnetic wave-electron-hole interaction, so that the description of the effective coupling between light and excitons does not need any phenomenological input "coupling constant". The only input parameters are the width of the exciton levels. The calculated Rabi splitting of conventional excitonic polaritons could be considered as an improvement to the so-called dielectric model in which the photon-exciton coupling constant is estimated using the electric field of a cavity mode and and the oscillator strength of an exciton. We will show also the complexity in introducing such an effective oscillator strength due to the coupling of the motion along or perpendicular to the growth directions for the hybridization induced polaritons. As an interesting effect of the barrier confinement induced electron and hole envelope wave functions for a system with a pair of symmetric DBR's, we apply parity symmetry analysis along the growth direction to the DBR's and the SMC confined QW, and obtain a kind of selection rule for excitonic polaritons in the well, which is also quite useful for finding the hole subband hybridization induced polaritons. As an application of our scheme, we have calculated the reflection spectrum for several different excitons and for different incident angles, and have obtained some interesting results, which will be published elsewhere. Here we only discuss the formal aspects of our approach.
Since this topic is in an interdisciplinary field between condensed matter physics and quantum optics, we present our discussion in a self-contained way for readers in both fields.
This paper is organized as follows. In Sec. II., we formulate the description of the excitonic polaritons in a QW embedded in an SMC in terms of a propagating electromagnetic field, while the SMC is further confined by a pair of DBR's. The basic spirit of its classical electrodynamic aspect mainly follows ref. 26 , but the crucial difference is in the physics contained in the formal expression for the dielectric response. Reference 26 is valid chiefly for the intra-band transition while our paper is devoted to the interband transition, particularly the hybridization effect of the hole band. Sec. III is devoted to a quantum many-body description for the medium polarization in a QW, in which the hybridization for the heavy hole subband and the light hole subband is emphasized. Although the complex valence band in a QW and the related exciton problem has been widely treated in the literatures, a complete treatment that starts from the quantum many-body theory for the QW exciton, and includes non-local response function and complete symmetry analysis for the 4-component spinor like wavefunction, is still absent. We shall present such a complete and detailed treatment in this section. In Sec. III-A, we give an expression for the medium polarization propagator with both positive and negative frequency parts, which is applicable to generic non-translational invariant systems. In Sec. III-B, by summing over the Kramer's degenerate states, we show the detailed expression for the nonlocal conductivity tensor which is proved to be diagonal and can be factorized into a sum of bi-products. This makes its non-locality effect explicit. In
Sec.IV we present the final complete set of self-consistent equations as well as the boundary conditions which are put into a discrete version for the convenience of practical calculation.
As an application, we discuss the "selection rules" for the exciton-cavity coupling. Sec.V gives some concluding remarks.
II. DESCRIPTION OF A QUANTUM WELL IN A CAVITY CONFINED BY DISTRIBUTED BRAGG REFLECTORS.
The SMC under consideration consists of a QW of thickness Λ embedded in a thin layer semiconductor material which is sandwiched between a pair of distributed Bragg reflectors.
This semiconductor layer serves as the barrier for the electrons and holes in the QW, while it forms an optical cavity confined by the DBR's. The whole structure is schematically illustrated in Fig. 1 . Although we only treat the case for one QW in the cavity, generalization to more complex cases can be easily done. The thickness of the cavity is L c with ε c (ω) as its medium's dielectric constant, where ω is the light radiation frequency. We assume that the QW medium has the same (background) dielectric constants as those of the cavity medium.
The left (right) DBR is constructed from N L (N R ) pairs of two alternating layers. One of the two layers has a length L 1 and dielectric constant ε 1 (ω) while the other L 2 and ε 2 (ω), respectively. We choose the z-axis as the growth direction with z = 0 being the center of the system. Thus, the QW is located at (− ) is the boundary between the left (right) DBR and the SMC. Moreover, we rotate the coordinate axis around the z-axis in such a way to make the incident light propagate in the x − z plane. Then the wave vector has the form q = (q x ≡ q , 0, q z ≡ q ⊥ ) with q y being always equal to zero. As a result, for the p-polarized wave, the electric field has only x− and z− components, E x and E z , respectively, while for the s-polarized wave the electric field has only a y-component E y . For a propagating wave with fixed frequency and q = q e x (where e µ , µ = x, y, z is the unit vector along the µ-axis), its electric field has the form
The Maxwell equation for the electric field can be written as
in which "i" is the medium index. Taking into consideration Eg.(2.1), Eq.(2.2) can be simplified to
For simplicity, from now on we discuss mainly the p-polarized wave propagation. It is straightforward to convert the discussions for a p-polarized wave into those for an s-polarized wave. We will do this when necessary. Outside the QW medium, the polarization current density j(ω, q , z) = 0 in Eq. (2.3). We then have plane wave solutions with
For the left DBR, denoting the x-components of the incident and reflected amplitudes of the electric field as A 0 and B 0 , which are defined as approaching to and leaving from the right boundary of the left DBR. By applying the method of ref. 27 , we obtain the corresponding electric field amplitude at the right boundary of the left DBR as A 1 and B 1 , which are also defined by approaching the boundary from the left as
where T L is the transfer matrix of the left BDR, t L is the tranfer matrix of a pair of layers with different dielectric constants, as a unit cell of the left DBR, in the DBR and N L is the number of the pairs in the DBR. Then for the right DBR, we introduce further A 3 and B 3 , the forward (along the z-direction) and backward (in the negative z direction) amplitudes of the electric field, respectively. They are defined by approaching from the right to the left boundary of the right DBR. Meanwhile, A 4 and B 4 are the corresponding amplitudes at the right boundary of the right DBR which are also defined by approaching the boundary from the right. We can similarly define the transfer matrix by solving the homogeneous Maxwell
The detailed expressions for the matrix elements t In the QW region, there is a sort of additional polarization effect of the medium other than that described by its background dielectric constant. This is because the virtual electron-hole pairs creation and annihilation processes will renormalize the light propagation in the QW region. In particular, the Coulomb interaction between the virtual electron-hole pairs may play a crucial role in a certain frequency range. In this section, we just introduce formally a conductivity tensor σ(ω, q ; z, z ′ ) to describe this effect, such that
which will be further investigated in the next section. Therefore, in the SMC region (including the QW), the Maxwell equation (2.3) and (2.4) can be converted into an integral equation as
in which
is the homogeneous solution of Eq. 
Moreover, the integral equation (2.11) exhibits the nonlocality not only provided by the Green's functions, but also induced by the medium polarization effect which is described by the conductivity tensor. To solve this integral equation, we emphasize that it should be solved with proper boundary conditions (BC's). This is because neither the homogeneous solution E (c) (ω, q , z) nor the Green's functions are solved with respect to the correct BC's for the SMC. Therefore, following classical electrodynamics, at z = ± Lc 2 we should have the
for fixed ω and q , since A 0 is the input while B 4 is usually taken to be zero. α ′ ( r ) can be regarded as a four component spinor
, the HH subband corresponding to α ′ = ± 3 2 , and the LH subband to
. The plus and minus signs refer to time reversal (Kramer's)degenerate states. In the effective mass approximation, the non-interacting Hamiltonian for the envelope functions written in the first quantization representation has the form
where
In Eqs. (3.2)-(3.4), the conduction electron coordinate is giving by r e = ( r ,e , z e ) with r ,e = x e e x + y e e y , and the valence hole coordinate by r h = ( r ,h , z h ) with r ,h = x h e x + y h e y ; E g is the gap which separates the conduction band and the valence band, µ the chemical potential, m the physical electron mass, and m e ⊥ and m e are effective masses of the conduction electrons corresponding to motion perpendicular or parallel to the z-axis; V e and V h are the confinement potentials which form the barriers for the QW. For the DBR-SMC(QW)-DBR system discussed in this paper, V e and V h are actually r ,e and r ,h independent. Eq(3.3) with (3.4) is the well known Luttinger Hamiltonian 29 which is written down in a form with a specific choice of the coordinates. In these two equations, Q and R describe the hybridization between the HH and LH subbands, while γ 1 , γ 2 and γ 3 are band structure parameters.
We notice that the envelope function description adopted in this paper is valid around the Γ point. We denote ϕ as the LH branch, according to the properties that the λ-spinor has the dominant component as α = λ. Moreover, s is the quantum number depending on the confinement potential. It is discrete along the direction of confinement but continuous in the extended directions.
A. Semiconductor Medium Polarization Induced by Virtual Electron-Hole Pairs
It is known that the conductivity tensor is connected to the medium's polarization tensor
Intuitively, during light propagation, the dominant contribution to the medium's polarization should be the virtual excitations of electron-hole pairs. To clarify certain conceptual problems we shall discuss the ideal situation: the intrinsic state of the QW at low temperature, i.e., the valence band is almost fully filled while the conduction band is almost completely empty. The virtual pairs thus consists of conduction electrons and valence holes.
In such a case, the Coulomb interaction should induce a series of exciton states distributed in the semiconductor gap. These are bound states formed by conduction electrons and valence holes. These virtual bounded e − h pairs should also contribute to the medium's polarization even at zero temperature for an intrinsic QW. Based upon such an understanding, the polarization can be calculated straightforwardly as outlined in Appendix B. We notice that there are no requirements for the spatial translational invariance, so that it can be applied to any sort of QW. This also has the advantage that when applied to the planar QW, the in-plane center of mass momentum for the excitons can be explicitly treated, which is a non-trivial property for the excitonic polaritons. Now, the derived expression has the form 6) in which
where ψ
( r e , r h ) is the two body exciton-like wave function for the n-th eigenstate which consists of a conduction electron with quantum numbers λ, s in ( r e , α) representation and a valence hole with quantum numbers λ ′ and s ′ in the ( r h , α ′ ) representation. It satisfies
( r e , r h ), (3.8) where the eigenvalue E (λ,s;λ ′ ,s ′ ) n is exactly the energy term appearing in Eq.(3.6). In Eq.(3.6),
we have also introduced the dipole matrix element
where Ω is the volume of the crystal cell and the integration is also confined within the cell. We emphasize here that, for the inter-band processes, the dipole matrix element is carried by the Bloch cell functions but not by the envelope functions. In Eq.(3.6) only the two-body wave functions with its arguments r e = r h = r contribute to the spectral weight of polarization propagator, r is the point where the electron meets the hole . Moreover, the first term in the bracket of Eq. (3.6) is its positive frequency part while the second is the negative frequency part. Both parts are necessary for a boson-like propagator. We notice that the r and r ′ change into each other in the two corresponding spectral weights, for which we understand that the positive and negative frequency parts correspond to a sort of forward and backward propagation, respectively. Only when a certain kind of symmetry is present for the system under investigation will the two spectral weight functions be equal to each other. This is one of the main topics for the next sub-section.
We notice that the extended eigenstates of Eq.(3.8) can also contribute to the spectral function. Since they are off-resonance from our interested frequencies, their contribution has been included in the background dielectric constants.
B. Summation over the Degenerate States Based on Space-Time Inversion
Symmetries
After performing a summation over the space-time reversal transformation connected degenerate states, we show in this subsection that not only the positive and negative frequency parts in the polarization propagator can be combined into one term, but also the non-diagonal elements for the polarization tensor can diminish. This will make the expression neat and further simplifies the calculation a great deal.
We apply the formal discussion in the previous sub-section to the system we interested in -a planar QW embedded in a DBR-SMC-DBR system (see Sec. II). The general subband indices and quantum numbers λ, s; λ ′ , s ′ and n are now specified into the following symbols:
q ; n ex , l; n, j c ; n ′ , and j h . Here q is the 2D center of mass momentum for the exciton, which is a good quantum number describing the translational invariance in the X-Y plane for the system; n ex and l are the quantum numbers for the eigenstate of the exciton describing the in-plane relative motion for the virtual electron and hole pairs; n ex is the major quantum number while l is the angular quantum number; n (n ′ ) is the index of the discrete states due to the confinement in the z-direction of the conduction electrons (valence holes); j c = ± 1 2
are the subband indices describing the spin doublet for the conduction electrons while
are the subband indices for the valence holes representing the total angular momentum induced by spin-orbit coupling.
To solve ψ ( q ;nex,l;n,jc;n ′ ,j h ) α,α ′
( r e , r h ) from Eq.(3.8) we need the complete set of eigenfunctions of the non-interacting Hamiltonian described by Eqs (3.2) and (3.3) for the conduction electrons and valence holes, respectively. These are
for the conduction electrons and n (z e ) for the z-direction electronic motion and another eigenvalue ǫ
) which could also be interpreted as describing the z-direction hole motion. Actually, for a hole in the valence band, its motion along the z-direction described by the eigen wave function ϕ
n ′ ,j h ;α ′ depends not only on z h but also on k ,h whilst ǫ ) have the same parity symmetry along the z-axis which is opposite to that of the other two components (
). Moreover, since the Luttinger parameters γ 2 and γ 3 are usually rather close to each other, we may assume that they are equal, i. e. γ 2 = γ 3 . We further introduce a polar coordinate (k ,h , ϑ h ) for k ,h in the X-Y plane, k ,h = k ,h (cos ϑ h e x + sin ϑ h e y ). Following Eq.(3.4), we have Q ∼ e −iϑ h and R ∼ e −2iϑ h . As a result, the corresponding eigenfunction in Eq.(3.11) acquires the following functional dependence
in which ϑ h is separated from ϕ (v) n ′ ,j h ;α ′ (k ,h z h ) and the product k ,h z h is a single dimensionless argument.
We then expand the two-body exciton-like wave function in terms of the non-interacting electron and hole wave functions, Eqs. (3.10) and (3.11) for a fixed set of good quantum numbers q ; n ex , l; n, j c ; n ′ , j h , and obtain
The expansion coefficient f (3.13) at r e = r h = r. Thus, we have
Moreover, the GaAs system has an energy gap ∼ 1.5 eV. The wavelength of interest has an order of magnitude ∼ 10
3Å
. On the other hand, the effective Bohr radius for the 2D-exciton in GaAs has the order of magnitude ∼ 10
2Å
. Therefore, k ,e and k ,h will span a region in momentum space in which the 2D excitonic wave function f (n;n ′ ,j h ) n ex,l ( k ,e , k ,h ) has nonnegligible contributions, much bigger than that of q . We may reasonably set q to be ∼ 0 in the double summation for k ,e and k ,h , i.e., we may have approximately k ,h ∼ = − k ,e = k in Eq.(3.14) within the double summation. Then ψ ( q ;nex,l;n,jc;n ′ ,j h ) ( r, r) 16) where (k , ϑ) are the polar coordinates of k . Then, by further utilizing Eq.3.12 and
We substitute expression (3.17) into Eq.(3.6) with its indices changed from the general form into the present, and obtain
where Besides the dynamical calculations, we have various symmetry properties for the system which are exact. Due to the space-time reversal symmetry, E (n;n ′ ,j d ) nex,l (q ) and f
are degenerate with respect to ±l, j c = ± and j h = ± . We have also the time reversal symmetry property for the hole wave function
Furthermore, all the f 
In Eqs. for HH and LH bands, respectively, while l is equal to 0 and 1, l h = 0 if l = 0, andl h should be summed over ±1
if l = 1. This "new" quantum number l h results from the summation over the degenerate states due to Kramer's and space inversion symmetries. The term η
comes from the Clebsch-Gordon coefficients for the dipole matrix elements, with
We stress that if we ignore the hybridization between the HH and LH subbands, then only l = 0 exciton states contribute to the spectral weight function. Meanwhile, ϕ
(z) which is independent of k . Therefore, the hole subband hybridization induced excitonic polaritons are characterized by the angular quantum number l = 0. We stress further that, in Eqs. (3.22) and (3.24), we replace ω + iη by ω + iγ
are the only phenomenological parameters introduced in this approach for describing the width of the exciton level.
IV. DISCRETE REPRESENTATION OF ELECTRIC FIELD IN AN SMC
In the last section, we obtained the polarization of a medium induced by the Coulomb interacting virtual electron-hole pairs in an intrinsic semiconductor QW at zero temperature.
We notice that the z, z ′ dependence for the conductivity tensor Eq.(3.22) is separated into a bi-product of two φ-functions. Thus, the kernel of the integral in equation (2.11) is separable.
Following Ref. 26 , we can easily transform the integral equation (2.11) for the electric field in an SMC into an algebraic equation which could further simplify the calculations. In particular, as P (n;n ′ ,j h ) nex,l (ω, q ) has a resonant pole, only very few discrete components for the electric field are needed, and possibly only one may be sufficient.
Introducing
we may express the electric field in terms of E (n;n ′ ,j h ) nex,l;l h (ω, q ) as
We emphasize that the F -functions introduced by Eq. −Λ/2 dzφ * (n;n ′ ,j h ) nex,l;l h (z) on both sides of Eq. (2.11), and introduce f(ω, q ) and
from which we obtain
The boundary condition Eqs. (2.18) can also be reformulated in terms of F (n;n ′ ,j h ) nex,l;l h as
nex,l;l h ;µ (ω, q ) (4.9)
nex,l;l h ;µ (ω, q ) (4.10)
Then, in terms of the discrete representation for the electric field F (n;n ′ ,j h ) nex,l;l h (n,n ′ ,j h nex,l;l h (ω, q ) and w
according to Eq 2.12. Up to now, it is clear that we do not need the effective photon-exciton coupling constant any more in the approach we have adopted.
We have now established a complete set of equations which can give us the real space electric field distribution within SMC with non-local dielectric response of QW excitons embedded in it, and thus enable us to obtain various semiclassical optical properties. Compared with previous theoretical work, our approach treats both the electro-magnetic field and the electron excitation exactly and does not depend on any artificial parameters. Moreover , certain effects not considered in previous studies such as violation of simple selection rules and the strange angle dependence of the reflection spectrum, can be easily calculated using this approach. We will report these results elsewhere.
As an application, we analyze some interesting aspects of the exciton "selection rule" for a symmetric microcavity.
It is well known from ordinary exciton models that only the S exciton can couple to the electromagnetic field, but due to the four component nature of the hole subband wave function and the existence of band mixing, the p exciton can also couple to the photon field and thus form polaritons in a microcavity. We call this a hybridization-induced excitonpolariton, and analyze the relevant parity propeties along the z axis.
It can be seen that Eq.(4.2) in conjunction with expressions (3.23) and (4.1) shows explicitly how the non-locality for the conductivity behaves. Each term of the spectral weight function has the form of a product of two φ-functions with one of the two depending only on z and the other on z ′ . Therefore, one of them is convoluted with the electric field and plays a role as a "weight" function while the other is convoluted with the Green's function as a "source" function, which strongly influences the effective coupling between light and the exciton. This makes the role of the parity symmetry along thr z-axis explicitly important.
Here we restrict ourself to the case of normal incidence and symmetric DBR pairs only.
As we have discussed in Sec. II-B, ϕ 
and we can now find interesting consequences for the polaritons. If we set ϕ . This is because ϕ
even function of z. The hybridization induced polaritons with quantum number l = 1 cannot be observed since ϕ
n ′ =1,j h ;α ′ =j h ±1 (k z) are odd functions of z which will make I
On the contrary, if we have an SMC of L c = λ, the electric field E x (ω, q ; z) becomes an odd function of z, if ϕ
is still an even function, the polaritons with quantum number n = n ′ = 1, l = 0 will be forbidden for the λ-SMC which will make
In this case, only the hybridization induced polariton can survive in the SMC since ϕ
is odd. What we learned from the above discussion is that the even-oddness of the electric field depends on the cavity resonance condition, while the parity of the components of the electron or hole wave function depends only on the QW. Then we can have an interplay of the even-odd symmetry for the integrand of Eq.(4.1). As a result the parity symmetry along the z-axis will provide a sort of selection rule for the forbidden polaritons in a symmetric DBR pair confined resonant SMC. This could be helpful for finding the hybridization induced polaritons. Our calculation shows the existence of HH subband dominated polaritons which have the quantum numbers n=1,
, n ex = 2, l = 1 with splitting value ∼ 0.2 mev. The details and other interesting results will be published elsewhere.
V. CONCLUDING REMARKS
In conclusion, we have presented a self-consistent semiclassical approach for excitonpolaritons in a QW embedded in an SMC. In this approach, the effect of the complex valence band structure and the non-locality of the dielectric response of the exciton in the QW are carefully considered. For 1HH excitons and normal incidence, our approach gives the same results as those obtained previously. For complex cases such as high index excitons and oblique incidence we expect that it could predict some new phenomena. For example,
we have shown that a 2P exciton can also couple to a photon mode and form a polariton.
Moreover our analysis gives a "selection rule" for the formation of exciton-polaritons in a symmetric SMC, which is essentially an interplay among the angular quantum numbers of excitons, the electron-hole subbands indices and the resonance conditions of the SMC. The transfer matrix elements can be calculated straightforwardly as
and
Moreover, the Green's functions in Eq. (2.13) can also be easily solved as s,s ′ (iω n ; r ′ ).
We can express Γ − c, α| p|v, α ′ P α,α ′ (iω n ; r, r; r ′ )}.
Next, we apply the operator iω n δ α,α ′′ δ α ′ ,α ′′′ − [H 0 ] α,α ′ ;α ′′ ,α ′′′ to the P α ′′ ,α ′′′ (iω n ; r, r ′ ; r ′ ) from the left, apply the operator iω n δ α ′′ ,α δ α ′′′ ,α ′ + [H 0 ] α ′′ ,α ′′′ ;α,α ′ toP α ′′ ,α ′′′ (iω n ; r, r ′ ; r ′ ) from the right, and obtain iω m δ α,α ′′ δ α ′ ,α ′′′ − H 0 r, 
as well asP 
